In this paper we investigate the properties of quasipotency and gpotency for free products with amalgamation.
1 Introduction. Definition 1. A group G is called quasipotent if for for each element g of G there exists a natural number k such that for each natural number n there exists a finite index subgroup H n such that g ∩ H n = g kn . The property of quasipotency was investigated in [1] where different sufficient conditions were found for quasipotency of free products, HNN extensions and extensions. Quasipotency was investigated in [1] for to obtain the classes of cyclic subgroup separable groups.
Definition 2. Consider a group G with a fixed element g. We say that G is g-potent if for each natural number n there exists a finite index subgroup H n such that g ∩ H n = g n . If the property from the definition 2 is true for each element of a group G then G is called potent. In [2] it was proved that free groups are potent. In [5] there were investigated links between g-potency and residual finiteness of free product with cyclic amalgamation.
In [4] it was derived the property of regular quotient at a pair {U, V } of a group G reminding the property of quasipotency. A group G is said to have regular quotient at a pair U, V of its elements if there exists number r so that for each n there exists a homomorphism ϕ of G onto a finite group such that the orders of ϕ(U ) and ϕ(V ) are equal to rn. Later this property for free groups was generalized in [3] where it was proved that free groups are omnipotent. A group G is called omnipotent if for each n and for each elements g 1 , ..., g n of G such that g i and g j , i = j have no conjugate nonunit powers there exists a number k such for each ordered sequence of natural numbers l 1 , ..., l n there exists a homomorphism of G onto a finite group such that the order of ϕ(u i ) equals kl i . This definition generalizes the property of quasipotency.
In this work we prove the following theorems. Theorem 1. Let A be a quasipotent group and B is a subgroup of A such that A is B-separable that is B is the intersection of finite index subgroups of A. Consider the finite set I and isomorphisms ϕ i : A → A i , i ∈ I. Put B i = ϕ i (B). Then the group G = Theorem 2. Let A i , i ∈ I be residually finite groups and N is the kernel of the natural homomorphism of the group G = * i∈I A i onto a direct product of groups A i , i ∈ I. Then for each element h of N the group G is h-potent. Theorem 3. Let A i , B j , i ∈ I, j ∈ J be a residually finite groups. Consider elements u ∈ F = * i∈I A i , v ∈ G = * j∈J B j not belonging to subgroups which are conjugate to free factors and isomorphism ϕ : u → v , ϕ : u → v. Then the group H = F * u ≃ ϕ v G is residually finite.
Auxiliary notations.
Consider the group G generated by the set {g i |i ∈ I} and acting on the set X. Construct the graph Γ such that the set of vertices of Γ coincides with X. If p • g i = q and p • g = r for some p, q, r ∈ X and for some i ∈ I then the vertices p and q are connected by the edge going from p into q laballed by g i and p and r are connected by the edge going from r into p labelled by g i . We consider that for each edge f of Γ with a label there exists the inverse edge f ′ without a label such that the begin point of f coincides with the end of f ′ and the beginning of f ′ is the end of f . The graph Γ is oriented and edges with labales are positively oriented edges of Γ and the rest edges are negatively oriented edges of Γ. Definition 1. The graph Γ which is constructed as above is called the action graph of the group G with respect to its generating set {g i |i ∈ I}.
We shall omit further the references about the generating set if it is fixed. Besides throughout the paper considering the action graphs of free product we shall always suppose that the set of generators coincides with the union of free factors.
Consider the action graph Γ of the group G = g i |i ∈ I . The label of the edge e ∈ Γ is denoted as Lab (e). The label of the path S = e 1 ...e n of Γ is the element of the group G equal to
′ where Lab (e i ) ′ equals Lab (e i ) in case e i is positively oriented or Lab (e ′ i ) −1 otherwise where e ′ i is the edge inverse to e i . The beginning and the end of the edge e will be denoted as α(e) and ω(e) correspondingly. Definition 2. Consider the element u of the group G which does not equal to unit. Let Γ be the action graph of the group G = g i |i ∈ I . Fix the vertex p in Γ. Then the u-cycle T of the graph Γ going from p is the set of paths {S i = {e i j |j ∈ J i }|i ∈ J} satisfying the following conditions: 1) α(S l ) = p; 2) there exists a one to one correspondence between the paths S l and the presentations of u in generators {g i |i ∈ I} :
is positively oriented and its label equals g ij for each natural n; if ε j = −1 then e l kn+j is negatively oriented and the label of the edge which s inverse to e ij equals g ij for each natural n; in case the path S l is finite and is composed of r edges we consider that indices are modulo r;
3) there is no closed subpath K in the path S l which differs from S l and satisfies the conditions 1), 2); 4) the path S l is the maximal path on the entry which satisfies the conditions 1)-3);
The paths which compose a u-cycle will be called as representatives of a u-cycle.
Definition 3. Suppose that some representative of the u-cycle T is composed from the finite set of edges and has the label u k . Then we shall say that the length of the u-cycle T is equal to k.
Suppose we have a group G which is defined by its presentation G =< x i , i ∈ I|R j , j ∈ J >. It is obvious that a graph Γ is the action graph of the group G = x i |i ∈ I if and only if it satisfies the following conditions:
1) for each vertex p of Γ and for each i ∈ I there exist exactly one edge with label x i going from p and exactly one edge going into p labelled by x i ;
2) for each j ∈ J and for each vertex p of Γ the R j -cycle of Γ going from p has length 1;
Using this remark we can describe action graphs of the group G = * B k =Bj A i corresponding to actions of G on X which are so that A i act freely on X where i ∈ I, B i < A i and B j is isomorphic to B k for each j, k ∈ I. The action graph Γ of such kind satisfies the following properties.
(1) for each vertex p of Γ and for each c ∈ i∈I A i there exists exactly one edge with label c going into this vertex and there exists exactly one edge labelled by c going from p;
(2) for each vertex p of Γ and for each i ∈ I the maximal connected subgraph A j (p) whose positively oriented edges are labelled by elements from A i is the Cayley graph of the group A i with the generating set {A i }; let B be the amalgamated subgroup of G then the subgraph B(p) is defined analogically as
In what follows we shall use the following notation. Consider the graph Γ and its subset T . Consider t copies of Γ : Γ 1 , ..., Γ t . Then T i is the set of Γ i which corresponds to T in Γ.
Let Γ be the graph with properties (1), (2) . Fix the set of vertices S ∈ Γ and the function f : S → I. Besides for each p and q from S at least one of the following conditions is true:
. Consider t copies of Γ : ∆ 1 , ..., ∆ t from which we shall construct the new action graph. For each p ∈ S and for each edge e whose internal point belongs to B(p) and whose label belongs to A f (p) \ B we delete edges e i for all i = 1, ..., t. If the edge e goes into the vertex p ′ ∈ B(p) from the vertex q we connect the vertices p ′i and q i+1 by the edge going from q i+1 whose label is equal to Lab(e i ) and if the edge e goes away from the vertex p ′ into the vertex q then we connect vertices p ′i and q i+1 by the edge which goes away from p ′i whose label equals Lab(e i ) (indices are modulo t). Put S = {s 1 , ...., s n }. We obtained the new graph which satisfies the properties (1), (2) so it is the action graph ant it will be referred to as γ t (Γ; s 1 , ..., s n ; f (s 1 ), ..., f (s n )).
Having a group G = * B k =Bj A i we shall call the graphs with properties (1), (2) as free action graphs of the group G.
Consider the free action graph Γ of G = * B k =Bj A i . Fix some element k from I. Let S = e 1 ...e n be a path of Γ passing through the vertex p. Let l + p,k (S) be the number of edges in S going into the vertices of the subgraph B(p) and having labels from A k \ B * and l − p,k (S) is the number of edges of S which goes away from vertices of B(p) and which have labels from A k \B * (some of them perhaps are equal since the set {e 1 , ..., e n } of edges may contain repeatable edges). Put
Consider the vertex p of Γ and k ∈ I and the representative T ′ of the u-cycle T of finite length. If l p,k (T ′ ) = 0 then we shall say that T is proper relative to p and k.
In this paper we use the symbol (m, n) to designate the greatest common divisor of numbers m and n.
Definition 4. Consider two vertices p and q of the graph Γ which belong to one component of Γ. Then the distance between p and q is the minimal length of the finite path which connects p and q. The length of the finite path is the number of edges which compose this path.
Definition 5. Consider the graph Γ, the cycle S = e 1 ...e n of Γ and the nonnegative integer number l. We say that S does not have l-near vertices if for each i, j, 1 i < j n the distance between the vertices α(e i ), α(e j ) is greater or equal than min(|i − j|, n − |i − j|, l + 1).
Auxiliary lemmas.
Throughout this section we consider that we have a fixed group G = * B * =Bi A i . Lemma 1. Let Γ be the free action graph of the group G. Fix the vertex p of Γ and the element k ∈ I and let u be the cyclically reduced element not belonging to any free factor. Consider the u-cycle S of finite length in Γ going from the vertex q and its representative S ′ passing through the vertex p. Then for each t the u-cycle T going from the vertex q 1 of the graph ∆ = γ t (Γ; p; k) has length equal to t/(t, l p,k (S))l(S) where l(S) is the length of the u-cycle S.
Proof. Let ∆ 1 , ..., ∆ t be the copies of the graph Γ from which the graph γ t (Γ; p; k) is composed of. Fix the edge e of the graph Γ which either has the label different from an arbitrary element of A k \ B * or does not contain the vertex p in the capacity of the terminal vertex.
Notice that there exists the singular composition of the representative S ′ as the union of paths
where each path S i has the following presentation S i = e 1i ...e ni,i where α(e 1i ), ω(e ni,i ) ∈ B(p) and α(e j,i ) / ∈ B(p), ω(e j,i ) / ∈ B(p) for each j, 1 < j < n i . Consider the path 
. Hence we deduce that making the pass-by of T ′ from the vertex p i and passing the path whose label equals the label of the path S we come to the vertex from the subgraph B(p i+ε ) where
) (indices at p are modulo t). There exists the minimal on modulus natural number q such that
Notice that q is equal to the ration of the length of u-cycle going from the vertex p i to length of the u-cycle S. Lemma 1 is proved.
Lemma 2. Consider the free action graph Γ of the group G so that for each vertices p, q of Γ the subgraphs A i (p), A j (q), i = j have no two mutual vertices which belong to different subgraphs B(r), B(r ′ ). Fix the cyclically reduced element u ∈ G \ {∪ i∈I A i }. Suppose that for each vertex p of Γ and for each k ∈ I l p,k (S) = 0 where S is an arbitrary representative of an arbitrary u-cycle. Consider that the length of each u-cycle of Γ is equal to the same number. Fix the representative S = e 1 ...e n of some u-cycle of Γ and put α(e 1 ) = p, Lab(e 2 ) ∈ A k , Lab(e n−1 ) ∈ A s . Then in the graph ∆ = γ 2 (Γ; α(e 2 ), α(e n ); k, s) the length of each u-cycle equals the length of a u-cycle from Γ. Besides the vertex p 1 is the beginning of the representative of the u-cycle which is proper relative to p 1 and k. Proof. Suppose that Lab(e 1 ) ∈ A t , Lab(e n ) ∈ A r . Notice that the condition of the theorem involves that the subgraphs B(α(e 2 )), B(α(e n )) are different. Because otherwise A t (α(e 1 )) and A r (α(e n )) possesses two common vertices α(e 1 ) and α(e n ) not belonging to the subgraph B(α(e n )).
Let ∆ 1 , ∆ 2 be two copies of the graph Γ from which the graph ∆ is composed of.
Let T be the representative of the u-cycle going from p 1 , T corresponds to the same notation of u as S. If Lab(e 1 ) ∈ A t then there exists exactly one edge in T going from the vertex of the subgraph B(p 1 ) and belonging to A t (p 1 ). This edge is e Put α(e 2 ) = b, α(e n ) = c. Consider the unique factorization of T as the union of paths:
where each path T i has the presentation T i = e 1i ...e ni,i such that α(e 1i ),
As follows from the proof of lemma 1 going from the vertex b i and traversing the path T j we come to the vertex from the subgraph B(p i+w ) where w = (l
and T is not proper relative to any vertex and element of the set I the u-cycle of ∆ going from r 1 has length which is equal to the length of the u-cycle containing S. Lemma 2 is proved.
Lemma 3. Consider natural numbers n, l 1 , ..., l k . Let d = (l 1 , ..., l k ) be the greatest common divisor of numbers l 1 , ..., l k . Then the least common multiple F of numbers nd/(nd, l 1 ), ..., nd/(nd, l k ) equals n.
Proof. Let p be the prime number such that for some natural number m it is true that p m | n, p m+1 ∤ n. Then n = p m r, (r, p) = 1. Since it is true that d = (l 1 , ..., l k ) then there exists number i and there exists nonnegative integer c such that
Lemma 4. Let A i , i ∈ I be a finite set of finite groups such that each group A i contains the subgroup B i and all the subgroups B i are isomorphic:
Consider some cyclically reduced element u from G which does not belong to any free factor. Consider also the finite free action graph Γ of G so that the lengths of all u-cycles of Γ are equal to m. Besides for each vertices p, q of Γ the subgraphs A i (p), A j (q) have no two mutual vertices which do not belong to one subgraph B(r) for each distinct i and j. Then for each natural number n there exists the homomorphism of G onto a finite group such that the order of u's image equals mn.
Proof.
Suppose there exists the vertex p of Γ and the element k ∈ I so that there exists the representative of a u-cycle proper relative to p and k. Let S 1 , ..., S l be all representatives of u-cycles proper relative to p and k. Put d = (l p,k (S 1 ), ..., l p,k (S l )). Then according to lemma 1 in the graph ∆ = γ nd (Γ; p; k) the length of each u-cycle equals one of the numbers: m, m·nd/(nd, l p,k (S 1 )), ..., m· nd/(nd, l p,k (S l )). According to lemma 3 the least common multiple of these numbers equals mn. Since the group G acts on the set of vertices of ∆ there exists the homomorphism ϕ : G → S w , where w is the number of vertices in ∆.
The value of ϕ(u) is the product of independent cycles and the least common multiple of their lengths is equal to mn that is |ϕ(u)| = mn.
Suppose that for each vertex p of Γ and for each element k ∈ I each representative of each u-cycle is not proper relative to p and k. Consider the u-cycle S = e 1 ...e k and α(e 1 ) = p, Lab(e 1 ) ∈ A t , Lab(e 2 ) ∈ A k , Lab(e n−1 ) ∈ A s . According to lemma 2 in the graph ∆ = γ 2 (Γ; α(e 2 ), α(e n ); k, s) there exists the u-cycle whose representative is proper relative to p 1 , t and the length of each u-cycle in ∆ equals m. Thus the proof can be finished due to the first case.
Proof of theorems.
Proof of theorem 1.
Consider the element u ∈ G. We may consider that u is cyclically reduced and has infinite order. Suppose that u ∈ A s for some s. Since the group A s is quasipotent there exists the natural number k u such that for each natural number n there exists the homomorphism φ s of A s onto a finite group K s such that the image of u has order k u n. For each j ∈ I \{s} define the homomorphism
which is defined by the following condition. If v = a 1 ...a n ∈ G is a reduced notation of the element v,
Besides the element φ(u) has order k u n. Since the group K is residually finite there exists the homomorphism of K onto a finite group such that the image of φ(u) has order k u n.
Consider the case when u / ∈ i∈I A i . We fix some reduced notation for the element u: u = u 1 ...u n , u j ∈ A ij \ B ij . Since the group A ij is residually finite with respect to the entry in the subgroup B ij there exists the homomorphism of A ij onto a finite group such that the image of each element from {u 1 , ..., u n }∩A ij does not belong to the image of the subgroup B ij . Let N ij be the kernel of this homomorphism. Put
Then we may define the natural homomorphisms φ i :
These homomorphisms can be completed till the homomorphism φ :
Thus we may consider that the free factors A i are finite. Then the group G is residually finite. Consider the homomorphism ϕ : G → K where K is a finite group and ϕ is so that ( i∈I A i ∪ (∪ i,j ({A i } × {A j }))) Kerϕ = {1}. Then it is possible to consider that the subgroups A i are embedded into the group K for each i. Let Γ be the Cayley graph of the group ϕ(G) with the generating set { i∈I A i }. Put k u = | ϕ(u) |. According to lemma 4 for each natural number n there exists the homomorphism of G onto a finite group such that the image of u has order k u n. It means that the group G is quasipotent. Theorem 1 is proved.
Proof of theorem 2.
Consider the natural homomorphism ϕ : G → × i∈I A i , N = kerϕ. Notice that we may consider that the set I is finite. Let u = u 1 ...u k be the nonunit element of the subgroup N . Using the residual finiteness of the groups A i for each i ∈ I we define the homomorphism ϕ i of A i onto a finite group such that if u s ∈ A i then ϕ i (u s ) = 1. So we may consider that free factors are finite. Let Γ be the Cayley graph of the group × i∈I A i with the generating set { ∪ i∈I A i }. Then Γ is a finite free action graph of G in which all u-cycles have length 1. Besides according to the definition of the direct product it follows that for each vertex p ∈ Γ and for each i, j ∈ I, i = j the subgraphs A i (p), A j (p) have the singular common vertex. According to lemma 4 for each natural number n there exists the homomorphism of G onto a finite group such that the image of u has order n. Theorem 2 is proved.
The proof of the next theorem illustrates the application of the notion of gpotency to the investigation of residual finiteness of the free product with cyclic amalgamation.
Proof of theorem 3.
Notice that we may consider that the sets I and J are finite. Consider the element w from H. For each i ∈ I, j ∈ J define α i , i ∈ I as the set of elements from A i which composes the normal forms of elements u, w. Let β j , j ∈ J be the set of elements of B j which composes the normal forms of v, w. Since A i , B j are residually finite there exist homomorphisms ϕ i , ψ j from A i , B j onto finite groups such that α i ∩ ker ϕ i , β j ∩ ker ψ j are empty. These homomorphisms can be completed till the homomorphisms ϕ F :
F . Thus we may consider that all groups A i , B j are finite for each i, j. It means that there exists the natural number n such that u n , v n belong to the Cartesian subgroups of groups F and G correspondingly. So according to the theorem 2 the groups F and G are u n -and v n -potent correspondingly. Since it is known that the cyclic subgroup separability is inherited by free products the groups F and G are cyclic subgroup separable. It is sufficient just to refer to the following theorem that was proved in [5] .
Theorem: The group A * u ∞ ≃ ϕ v ∞ B, ϕ(u) = v is residually finite if the groups A, B are residually finite and A is u n -potent and u-separable and B is also v n -potent and v-separable for some natural n. Theorem 3 is proved. Theorem 4. Consider the finitely generated group G which contains the subgroups K, F such that G = KF , K is finite and F is free. Then G is quasipotent.
Since G is residually finite it is sufficient to consider the elements of infinite order. Consider the element u ∈ G \ {∪ g∈G g −1 Kg}. Fix the basis in F : x 1 , ..., x m . Since G is virtually free G is subgroup separable. So there exists the homomorphism ϕ of G onto a finite group such that ϕ K is injective and in the graph Γ = Cay(ϕ(G); {ϕ(K)} ∪ {ϕ(x 1 ), ..., ϕ(x m )}) the representatives of u-cycles have no 1-near vertices. Put k = |ϕ(u)|. For each natural number n > 1 we construct the action graph of the group G = K, x 1 , ..., x m -Γ n by the following way. Fix in Γ an arbitrary vertex p. Consider n copies of the graph Γ : ∆ 1 , ..., ∆ n . Let R be the subgraph in Γ containing p which is the Cayley graph of the group K with the set of generators {K}. For each i, j, 1 i n, 1 j m and for each vertex r from R i consider the edge q i with label x j going into the vertex r i . Delete the edge q i and connect the vertex α(q i ) with the vertex r i+1 (indices are modulo n) by the edge f i with label x j , which goes away from the vertex α(q i ). The obtained graph is the action graph of the group G = K, x 1 , ..., x n . Since all representatives of u-cycles in Γ have no 1-near vertices then the constructible graph contains a u-cycle of length kn. Theorem 4 is proved.
Theorem 5. Consider the group G = A * B and u = ab ∈ G where A and B are finite and a ∈ A, b ∈ B, |a| = |b| > 1. Then G is u-potent.
Consider the natural number n. The idea of the proof is to construct the free action graph of the group G in which each u-cycle has length which is either equal to n or to 1. Consider the Cayley graph P = Cay(A; {A}) of the group A and the Cayley graph Q = Cay(B; {B}) of the group B. Consider n copies of P and Q : P 1 , ..., P n , Q 1 , ..., Q n . Put m = |a| = |b|. Consider the cycles Λ a in P and Λ b in Q whose labels are equal to a m , b m correspondingly and whose edges have labels a and b correspondingly. Let p and q be the nonnegative natural numbers such that m = 2 + p + q. Put Λ a = e 1 ...e m , Λ b = f 1 ...f m . In what follows all upper indices are modulo n. We consider that ω(e we may consider that |A| = |B| and hence the number of cycles of P with label a m whose edges have label a coincides with the number of cycles in Q that have label b m and whose edges have label b. If we do the similar procedure for graphs P 1 , ..., P n , Q 1 , ..., Q n for each pair of cycles with labels a m and b m we obtain the action graph of the group G which is so that each u-cycles has length which equals either n or 1. Theorem 5 is proved.
